ABSTRACT Non-uniform linear array (NLA) has been widely used in the direction-of-arrival (DOA) estimation owing to its significant advantage of effectively expanding array aperture. In recent years, its related researches have been advanced due to the introduction of nested arrays and co-prime arrays. However, these NLAs require one or even many adjacent antennas whose spacing is the half wavelength of the incident source. In the practical application of the DOA estimation, if the frequency of the incident source is very high, the distances between adjacent antennas cannot reach half wavelength because of the existence of the actual antenna diameter. In this paper, a design method of the restricted NLA is proposed to solve this problem. First, a new NLA is designed by restricting the minimum spacing of adjacent elements, the set of fourth-order antenna spacing differences, and the maximum aperture of the array. Then, in order to solve the ambiguity problem in the DOA estimation caused by the spacing of adjacent antennas larger than half wavelength, we construct a single snapshot measurement sparse signal model by utilizing the fourth-order cumulants vector of the received signal after dimension reduction and by obtaining the estimation of DOA via a sparse reconstruction algorithm. Finally, compared with the minimum redundancy arrays, nested arrays, and co-prime arrays, the simulation experiments show that the proposed restricted NLAs have better performances of the DOA estimation.
I. INTRODUCTION
As a typical problem in array signal processing, direction of arrival (DOA) estimation has been widely applied in many fields, e.g., radar and sonar [1] - [5] . In recent decades, subspace-based algorithms such as MUSIC [6] and ESPRIT [7] have received extensive attention and research due to their high-resolution performance in DOA estimation. These traditional DOA estimation algorithms mentioned above aim at the uniform linear arrays (ULA) [8] - [10] . However, the maximum number of target signals, which can be distinguished by the array, cannot exceed the number of array antennas in these ULA DOA estimation algorithms [8] . In addition, the aperture of antenna arrays is also one of the main restrictions of DOA estimation accuracy.
In ULA, if the spacing of adjacent antennas larger than half wavelength of incident source, ambiguity will occur during DOA estimation. Therefore, the distance between adjacent antennas in ULA can only be half wavelength, that is to say, when the number of antennas is fixed, the aperture of the array is determined at the same time, which will limit the accuracy of DOA estimation. To overcome these two shortcomings of ULA, the non-uniform linear arrays (NLA) have been proposed in recent years to expand the aperture of the antenna array under the same number of elements and to increase the number of identifiable sources. Compared with ULA, NLA does not require that all the spacing of adjacent antennas be half-wavelength. In this way, the aperture of NLA array is larger than ULA, and the angular measurement accuracy will be improved under the same number of arrays. As a typical NLA, the minimum redundancy array (MRA) can effectively extend the array aperture [11] , [12] . Traditional MRA means that the set of position differences of array elements is fully augmentable array, meaning that continuous virtual array spacing can be obtained in MRA. In addition to MRA, nested arrays [13] - [15] and co-prime arrays [16] - [18] are also two typical NLA proposed in recent years that can expand the aperture of arrays.
In addition, besides the advantages of expanding array aperture, many related algorithms based on NLA can also increase the number of array resolvable sources. Among them, the fourth-order cumulants (FOC) is the most common and effective method. The famous FOC-MUSIC algorithm [19] , [20] can obtain continuous virtual array utilizing the FOC matrix of received signals by the MRA. So this algorithm can make the number of identifiable sources more than array elements. At the same time, FOC can also suppress Gaussian noise better, including colored Gaussian noise. The drawback of FOC is that if we want to get the exact FOC of received signals, a larger number of snapshots is required.
Lately, it is common to further increase the number of array resolvable sources by vectorizing the covariance matrix of received signals. These algorithms are to build a SMV model, and then solve the DOA estimation problem by sparse reconstruction algorithms such as norm optimization [21] , [22] , orthogonal matching pursuit (OMP) [23] and sparse Bayesian learning (SBL) methods [24] . The number of snapshots doesn't need much in the DOA estimation based on sparse reconstruction algorithm, so this kind of algorithm still has superior estimation performance under the condition of limited number of snapshots. Analogously, the fourthorder cumulants matrix can also be vectorized to construct SMV model which can be solved by the methods of sparse reconstruction [25] - [27] . Moreover, the number of identifiable sources can be further increased in these algorithms.
However, in the above three kinds of NLA, the distances between adjacent antennas can not avoid the appearance of half wavelength. When the frequency of the incident source is high, the value of its half wavelength will be very small, even smaller than the diameter of the antenna. So the disposition of these antenna arrays will become impossible in practical application. At the same time, when the distance between adjacent antennas is very small, the model errors caused by the mutual coupling can no longer be ignored.
This paper is concerned with a design method of restricted NLA. Firstly, as the main innovation of this paper, we restrict the minimum spacing of each adjacent antennas in the array so that it is larger than a fixed preset value. In the actual process of DOA estimation, this preset value must be larger than the real diameter of the antenna. Therefore, in the new NLA, the distance between adjacent antennas is set as the sum of the preset values and the positive integer times of the half wavelength of the incident source. With this restriction, when the frequency of the incident source is very high, the problem that the antenna array can not be placed in accordance with several existing NLA forms because the half wavelength of the incident source is less than the diameter of the antenna can be solved. Compared with the MRA, nested array and co-prime array, this array has larger antenna spacing, so it can further expand the array aperture under the same number of antennas to improve the accuracy of DOA estimation. Meanwhile, because the spacing of array elements is much larger than half wavelength, it is suitable for high frequency incident sources and reduces the influence of mutual coupling on DOA estimation performance.
Then, for the proposed new restricted NLA, if the traditional DOA estimation algorithm based on covariance matrix is utilized, the differences of positions between array antennas can not be obtained, which is equal to a positive integer multiple of half wavelength. This will lead to ambiguity appearance in the DOA estimation process. Accordingly, the FOC vector of the received signal is exploited to obtain a virtual set of fourth-order antenna position differences, which will contain a set of values of half-wavelength integer times of the continuous incident source. Because of the existence of these virtual antenna position differences, which are equal to integer times of half-wavelength, the ambiguity problem caused by the antenna position differences larger than half wavelength can be solved. At the same time, owing to the utilizing of FOC vectors, the number of identifiable sources will be substantially increased. In addition, because of a large amount of redundant information in the FOC vectors, it will not only increase the computational complexity of the algorithm, but also affect the performance of DOA estimation. So, in this paper, a dimension reduction algorithm is introduced to remove the redundant information in the FOC vectors. Finally, a single snapshot measurement (SMV) sparse signal model based on the FOC vectors is established, and the final estimation information of DOA is obtained by the sparse reconstruction algorithm.
The remaining part in this paper is organized as follows. The design approach of restricted antenna array is presented in Section II. Then, in Section III, we propose a sparse DOA estimation algorithm based on the FOC vector after dimension reduction. Section IV shows the experimental results of different DOA estimation performances. The conclusion is summarized in Section V.
The notations used in the paper are as follows. Firstly, lower-case letters (e.g., a), lower-case bold letters (e.g., a) and upper-case bold letters (e.g., A) are used to represent scalars, vectors and matrices, respectively. Moreover, (·) T , (·) * and (·) H are transpose, conjugate and conjugate transpose of (·). C is the set of complex numbers. ⊗ denotes the Kronecker product. E {·} are exploited to represent the vectorization and expectation of (·), respectively. A −1 and A † are inverse and Moor-Penrose inverse of the matrix A. · 1 and · 2 denote 1 norm and 2 norm of (·), respectively. Finally, j = √ −1 is the imaginary unit.
II. DATA MODEL
One-dimensional DOA estimation and linear array are discussed in this paper. Suppose that there are K uncorrelated far-field narrowband signals with directions θ = [θ 1 , θ 2 , . . . , θ K ] in one-dimensional angular space impinge on a linear array with M identical sensors. And the coordinate VOLUME 7, 2019 vector of antenna positions d is
where d m (m = 1, 2, . . . , M ) is the position of the mth antenna. Based on the above assumptions, the single snapshot vector of array received signal x(t) = [x 1 (t), x 2 (t), . . . , x M (t)] T ∈ C M can be written as
where t = 1, 2, . . . , T and T is the number of snapshots.
∈ C M are the single snapshot vector of the uncorrelated incident sources and the additive Gaussian noise, respectively. Meanwhile, the specific form of the array manifold matrix A is
where
According to the position of each antenna in the array as shown in Formula (1), the steering vector can be written as
where λ denotes the wavelength of the incident signals.
In this paper, the FOC matrix of received signals is defined as R x ∈ C M 2 ×M 2 and the specific statistical method is
Ignoring the effect of noise, by substituting formula (2) into formula (5), we can get the traditional DOA estimation model based on FOC as follow
where R s ∈ C K 2 ×K 2 is the fourth-order cumulants of arrival sources. Analogously, the computing method of R s is
where S = [s(1), s(2), . . . , s(T )] ∈ C K ×T is the uncorrelated incident sources matrix. By vectoring R x by row, we can obtain the fourth-order cumulants vector of the received signals r x ∈ C M 4 . Due to the above mathematical model shown in formula (6) , and the properties of the fourth-order cumulants [28] , [29] , we can obtain the ith element in r x is
, s k 4 and cum {·} denotes the cumulants operator. In addition, the relationship between the indexes is
where i 1 , i 2 , i 3 , i 4 are all positive integer and satisfy the rela-
When each source is independent of each other, the fourthorder cumulants of the signals satisfy the following property
where γ = 1, 2, 3, 4 and
Substituting the formula (10) into formula (8), we can rewrite the four-order cumulants vector of the received signals as follow
Taking
we can get the data model of received signals based on the four-order cumulants vector in this paper is
where r n ∈ C M 4 is the fourth-order cumulants vector of nosie matrix N = [n(1), n(2), . . . , n(T )] ∈ C M ×T , and the new
III. THE PROPOSED METHOD
In this section, a sparse DOA estimation algorithm based on fourth-order cumulants vector for restricted non-uniform linear array is proposed. First, we give a design method of restricted nonuniform linear array. Then, on the basis of the above array form, the dimension of the fourth-order cumulants vector of received signals is reduced. Finally, according to the mathematical model based on fourth-order cumulants vector, the SMV sparse signal model is constructed and solved by a sparse reconstruction algorithm.
A. DESIGN METHOD OF RESTRICTED NON-UNIFORM LINEAR ARRAY
In this subsection, we propose a design scheme of restricted non-uniform linear array. This kind of antenna array not only further extends the aperture of the array and improves the accuracy of DOA estimation, but also ensures that the spacing between adjacent antennas can be applied to high frequency incident sources when the diameter of antenna in practical application system is larger than half wavelength of incident source. In addition, owing to the restricted minimum spacing between adjacent antennas in the proposed non-uniform linear array, the influence of mutual coupling on DOA estimation accuracy can be effectively reduced. Then, we will provide the detailed design scheme of the restricted non-uniform linear array. Firstly, we assume that the minimum spacing between the elements is d. In this way, the coordinate vector of antenna positions d can be rewritten as (14) where q m (m = 1, 2, . . . , M ) is all positive integers. From Formula (14), we can easily obtain that the position coordinate of mth antenna is
In addition, we still use the first element as the reference element, that is to say, q 1 = 0. Then, we define the set of fourth-order differences of array antenna positions in the new steering vector b(θ k ), which is shown in formula (13), as follow (14) and the definition of the set of fourth-order differences of array antenna positions in formula (15), we can get
Then, in order to ensure that there is no ambiguity in the subsequent processing of DOA estimation, there must be a series of data in the set of fourth-order differences of array antenna positions that can constitute continuous integer times of half wavelength. According to previous assumptions, the value of d is greater than half wavelength λ/2. So if we want to get a series of data, which can constitute continuous integer multiple of half wavelength, the indexes i 1 , i 2 , i 3 , i 4 must satisfy the following conditions
Under the constraints shown in Formula (17), the maximum number of different values that q i 1 + q i 4 − q i 2 − q i 3 can form is (M − 1)(M − 2)/2, that is to say, the set of array antenna position differences with continuous integer half wavelength that can be obtained at this time is
Through the above analysis, we can see that in order to avoid the appearance of ambiguity, the second restricted condition of non-uniform linear array is that the set of fourth-order differences of array antenna positions need to contain a set of data as shown in Formula (18) when the number of elements is determined.
At last, in order to ensure the accuracy of DOA estimation, we finally need to restrict the maximum aperture of the array. As the third restriction, we assume that the maximum aperture of the array is D. In this case, we can get the restriction of the coordinate of the M th antenna is
where · means rounding down. To sum up, the antenna arrays designed in this paper need to satisfy three restrictions at the same time:
1) The spacing between adjacent antennas in the array is larger than d; 2) the fourth-order array element spacing set satisfy ⊂ ; 3) the maximum aperture of the array is D, i.e., the coordinate of M th antenna is chosen according to Formula (19). Next, the design method of the restricted non-uniform linear array is shown in Table 1 . What needs to be explained in advance is, for the convenience of calculation and writing, we directly select the first antenna as the reference antenna, that is, q 1 = 0. The results of the restricted non-uniform linear array are shown in Table 2 when number of the array antenna M is 4, the minimum spacing between the adjacent antennas d is 50mm, the maximum aperture of the array D is 250mm, and the frequency of incoming sources f is 10GHz, i.e., λ = 30mm.
B. DIMENSION REDUCTION PROCESSING OF THE FOURTH-ORDER CUMULANTS VECTOR
In the fourth-order cumulants vector, there will be many redundant information generated by the same fourth-order array element spacing. These redundant information have no effect on improving the performance of DOA estimation, and will increase the computational complexity. Hence, in this subsection, our objective is to remove these redundant information.
First, we define a set as follow
where | | represents the cardinality of set , and m 1 , m 2 , . . . , m | | is the different elements arranged from small to large in set .
Then, we define a transformation matrix J ∈ C M 4 ×| | and the (i, ξ )th entry of J is
where the index i = 1, 2, . . . , M 4 and ξ = 1, 2, . . . , | |. For the steering vector b(θ k ) shown in Formula (13), its ith element is
Similarly, we let a new steering vector
According to the definition based on the above of transformation matrix J and two steering vectors, we can have the following equation
The Formula (24) is rewritten in the form of matrix
So, substituting Formula (25) into Formula (12), we have
Consider a linear equation set | | ξ =1 µ ξ J ξ = 0, where J ξ is the ξ th column of J. According to the definition of transformation matrix J, in the ith line of matrix J, only one element is 1 when i = ξ , and the other elements are all 0. Hence, for any equation, it can be simplified to | | ξ =1 µ ξ J i,ξ = 0. Then, we can get the coefficients µ ξ = 0, ξ = 1, 2, . . . , | |, implying that J is a column full rank matrix. Therefore, by letting
where J † = (J H J) −1 J H , the mathematical model after dimension reduction can be written as
Compared with the mathematical model shown in Formula (12), we can see that the row dimension is reduced from
It is worth noting that, on the surface, the dimension reduction processing reduces the freedom of the algorithm from M 4 to | |, which will reduce the number of distinguishable sources. However, the lost components are redundant information in fact, which not only does not reduce the number of resolvable sources, but also reduces the complexity of the algorithm, and suppresses the influence of noise on the accuracy of the algorithm [30] .
In [31] , the proof of the supremum of | | is given as
The Formula (29) implies that the maximum degree of freedom of the fourth-order cumulants vector of the received signals after dimension reduction which is shown in Formula (27) 
C. DOA ESTIMATION BASED ON SPARSE RECONSTRUCTION
Through the above analysis, a DOA estimation mathematical model based on fourth-order cumulants vector after dimension reduction as shown in Formula (28) is obtained. It is not difficult to see that the mathematical model is single snapshot measurement (SMV). Since the DOA information of the incident source is sparse in the whole one-dimensional angular space, the sparse signal reconstruction algorithm can be used to effectively obtain the final DOA estimation results. Therefore, in this section, a SMV sparse signal reconstruction model is established, and the sparse reconstruction is completed by norm optimization algorithm to achieve the DOA estimation results. Firstly, let θ = [θ 1 , θ 2 , . . . , θ L ] be an uniform continuous grid in one dimensional DOA range and ensure L | | > K . The dictionary is recorded as follow
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Based on the above model shown in Formula (28), we can get the following SMV sparse reconstruction model
is the zero fill expansion vector of r s with the lth (l = 1, 2, . . . , L) element
Finally, the sparse model shown in Formula (31) can be solved through the following optimization problems arg min
where ε is the regularization parameter. As a typical norm optimization problem, we can get the numerical solution of sparse signal via a second order cone (SOC) programming framework. Finally, the result of DOA estimation can be obtained through maximum search.
In conclusion, the entire approach of sparse DOA estimation based on the fourth-order cumulants vector is tabulated in Table 3 . 
IV. SIMULATION EXPERIMENTS
In the following, we present some simulations to verify the theoretical results. Three sets of experiments will be conducted to verify the performance of the proposed array and algorithm, including the number of identifiable sources, the impact of SNR and snapshots and the identifiability for adjacent sources.
A. NUMBER OF IDENTIFIABLE SOURCES
Considering K incident sources with f = 10GHz, the DOAs of sources are randomly selected from [−60 • , 60 • ], and the absolute difference of DOAs between any two sources is guaranteed to be greater than or equal to 5 • . The restricted non-uniform linear array with four antennas which is shown in the first row in Table 2 is adopted. The FOC-MUSIC algorithm [19] and the algorithm proposed in this paper are used for DOA estimation, respectively. The number of snapshots is set as 10 3 and SNR = 20dB. The grid spacing and the accuracy of spectral peak search in MUSIC algorithm are both 0.1 • . The regularization parameter ε is 1.2. The simulation results when K = 8, 12 and 15 are shown in Figure 1 , Figure 2 and Figure 3 , respectively. From the simulation results shown in Figure 1 , Figure 2 and Figure 3 , it can be seen that both FOC-MUSIC algorithm and the proposed algorithm can achieve that the number of identifiable sources is larger than the number of array antennas. When K = 8, the above two algorithms can obtain the correct results of DOA estimation. However, when K = 10, error estimate values begin to appear in the FOC-MUSIC algorithm and when K = 15, this algorithm basically fails. However, the algorithm proposed in this paper is still effective when K = 15.
B. IMPACT OF SNR AND SNAPSHOTS
In this experiment, the impact of SNR and snapshots on the performance of the proposed arrays, MRA, nested arrays and co-prime arrays will be verified. The parameters of two independent sources, grid spacing and the regularization parameter selection are as same as experiment 4.1.
Firstly, the root mean square error (RMSE) in this paper is defined as
where θ n,k denotes the nth estimated value of source incidence angle θ k , and N is the number of Monte-Carlo experiments in this paper. Then, in this experiment, M = 6, and the spacing between adjacent antennas is recorded as d. At this time, the form of antenna positions in the Nested array is uniquely determined, which consists of a three-element subarray with d = λ/2 and a three-element subarray with d = 4λ/2. However, the optimal MRA can not be obtained at this time. The usual method is to replace MRA with non-optimal MRA [11] . Although the form of Co-prime arrays is not unique when M = 6, the performance of DOA estimation for different Co-prime arrays forms is basically the same [16] . Therefore, this experiment takes a Co-prime array consisting of a fourelement subarray with d = 3λ/2 and a three-element subarray with d = 4λ/2 as an example. The FOC-MUSIC [19] algorithm is used for non-optimal MRA and DOA estimation results are obtained in the Nested arrays and Co-prime arrays by using the algorithms proposed in [13] and [16] , respectively.
At last, in the proposed restricted non-uniform linear arrays, we set the minimum spacing between adjacent antennas to 50mm, i.e., d = 50mm, and the maximum array aperture is D = 500mm. Based on the above parameters, the specific positions of array antennas in the four different kinds of array when M = 6, which are utilized in this experiment,are shown in Table 4 .
As the results shown in Table 4 , we can see that, except for the arrays proposed in this paper, there will still be a spacing between two adjacent antennas equal to λ/2 in all other three array kinds. However, for an incident source with a frequency of 10GHz, λ/2 =15mm, the antenna diameter is often hard to be smaller than this value in the practical applications. In addition, ignoring the problem of antennas spacing, it is not difficult to find that the array aperture proposed in this paper is more than twice larger than that of the other three types of arrays when the number of elements is the same. Therefore, the array proposed in this paper will have better DOA estimation accuracy. The simulation results shown in Figure 4 and Figure 5 validate this conclusion. 
C. IDENTIFIABILITY FOR ADJACENT SOURCES
Still considering two independent incident sources, the distance between their DOAs also affects the performance of the estimation results. This experiment will study the probability of success of DOA estimation for four array forms under different fixed angle spacing between two sources. When the absolute value of two differences between the DOA estimation results and the true incident angles of the sources are both less than 5 degree, we believe that the DOA estimation process is successful. Four different types of arrays in experiment 4.2 and their corresponding algorithms are adopted. The number of snapshots and SNR are set as 1000 and SNR = 20dB, respectively. The grid spacing is 0.1 • , and the regularization parameter ε is 1.2. Figure 6 shows the probability of success of DOA estimation for four different arrays at different angles of incidence.
From the simulation results of Figure 6 , it can be seen that the probability of success of DOA estimation for the four arrays increases with the increase of the angle interval of the incident source. When the incident angle interval is 5 • , the probability of success of DOA estimation based on four arrays is 100%. However, at the same angle interval, the array proposed in this paper has the best probability of success.
V. CONCLUSIONS
In this paper, we propose a new form of antenna array. This array extends the minimum spacing between antennas, making the array suitable for more cases of source incidence angle in applications. At the same time, the aperture of the array is further enlarged in the proposed array, thus improving the accuracy of angle measurement. Then, we take advantage of the fourth-order cumulants vector after dimension reduction of the received signal to construct the SMV sparse signal model and solved by the sparse reconstruction algorithm. Finally, simulation results show that the proposed array has better DOA estimation performance than other traditional sparse array forms.
